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W I T H  A 

The p r o b l e m  of the p ropaga t ion  of a c r a c k  taking the f o r m  of the a r c  c i r c l e ,  in t o r s i o n  of a rod  of 
round c r o s s  sec t ion ,  is c ons i de r e d .  

An equat ion is de r ived  fo r  the in tens i ty  f ac to r  of s t r e s s e s  at the t ip of the c r a c k .  The loca l  d i r ec t ion  
of p ropaga t ion  of the c r a c k  f r o m  a notch p e r p e n d i c u l a r  to the l a t e r a l  s u r f a c e  of  the rod  is d e t e r m i n e d ;  the 
a p p r o s c h  sugges t ed  by Er shov  and Ivlev  [1] is fol lowed in this  work.  

1. Cons ide r  the p ropaga t ion  of a c r a c k  in a round rod  of unit r ad ius  (Fig. 1). 

We know that  the c h a r a c t e r i s t i c  de t e rmin ing  the unstable  deve lopment  of a c r a c k  is the in tens i ty  
f a c t o r  of the s t r e s s e s  at the  tip of the c r a c k .  The  condi t ion  for  uns table  g rowth  of  a c r a c k  is the G r i f f i t h -  
I rwin  condi t ion [2] k = k0, i .e . ,  uns table  g rowth  of a c r a c k  o c c u r s  whenever  the  s t r e s s  in tens i ty  f ac to r  k at- 
t a ins  a c e r t a i n  c r i t i c a l  value k0, which is a cons tan t  of the m a t e r i a l .  

A c c o r d i n g  to Sih [3], in t o r s i o n  

.~-~ l'(~o) 
k = i ~ ~-i/- ~ (1.1) 

H e r e  y is the angle of twis t  pe r  unit length;  p is the s h e a r  modulus ;  co(~ 0) is the va lue  of  the  funct ion 
mapping  the r eg ion  in ques t ion  onto the c i r c l e  [%1 -< 1, at the point ~0 c o r r e s p o n d i n g  to the tip of  the c r a c k  
f(~0) is a funct ion of the s t r e s s e s  at the point ~0. 

Mapping of the region depicted in Fig. 1 onto the circle I ~ [ -< 1 is done by the function 

o) (~) - -  a ~ "4- 2 c i ~  - -  i 

a =  3 - - ( a + a ) + 3 a a  ' b-- 3--(a-l-~)-}-3ua ' a=ao-l-ial,  ~=Oto--i~l, la [~l  (1.2) 

(i + @ t - ~  

The c o o r d i n a t e s  of the tip of the c r a c k  fl0 and fll a r e  r e l a t ed  to the length s and r ad ius  r of the c r a c k  
by the f o r m u l a s  

~ .  = t - -  r s i n  (s  / r) ,  fil = r - -  r c o s  (s / r) 

The tip of  the c r a c k  z = fl is mapped  into the point  ~0 = - 1 .  The  denomina to r  of  the funct ion co(~) has  
the r o o t s  

~, = - -  i ~ - -  ~ _  2 (~)v,  t 

The b r a n c h  of the squa re  roo t  t e r m  appea r ing  in Eq. (1.2) is s e l ec t ed  such that  the n u m e r a t o r  of  (1.2) 
van i shes  at ~ = ~1- The s t r e s s  funct ion has  the f o r m  [4]: 

Voronezh .  T r a n s l a t e d  f r o m  Zhurnal  Pr ik ladnoi  Mekhaniki  i Tekhn ichesko i  Fiz ik i ,  No. 5, pp. 121-125,  
S e p t e m b e r - O c t o b e r ,  1970. Or ig ina l  a r t i c l e  submi t t ed  J a n u a r y  19, 1970. 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for an X purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

815 



2bcc i (I "4- i~) (i "4- 2ai~ -- ~) ]/'2 (~--~ ~) 
f (r) = _ a ~ (~' -{- 2ci~ - -  I) (~' + 2 c!~ - -  I) 

+ ~a' (~, + 2 ~ - ~ - ~ -  ~) ' ~ ~ -~ ~ ; + ~, 

- - ~ _ ~ - - ~ + ~ ,  +~o ns t ,  l o g i - - ~ =  ~ �9 

P = ua~ (~  - -  ~,) (~1-4- ~)  (~1-4- ~)  log i - -  ~ 

(1.3) 

F o r  7 in  (1.1), we have  [5] 

T = M / D, D = ~tI + ~Do (1.4) 

He re  M is the m o m e n t  of the appl ied  e x t e r n a l  f o r c e s ,  D is  the r ig id i ty  in t o r s i o n ,  I is the po l a r  m o -  
m e n t  of i n e r t i a  of the c r o s s  s ec t i ona l  a r e a  of the  rod with r e s p e c t  to the  c e n t e r ,  and D o is def ined by the 

equa t ion  (here 7 is  the c i r c u m f e r e n c e  of the c i r c l e  I~I -< 1) 

t / Do = -- -~" I { (~) -}- ] (~)} d {o) (~) o) (~i} 
7 

t6b~c'c (i -~- i~) ~ (t -- ~) t -- 
-I- na2  (z2 "4- 2c i~  - -  1) (~ d- 2ci~ - -  1) log t Jr 

+ 

{ c~ (t -1- 2a i~  - -  z~) "z 4b~cci (l -}- iz) 2 ] / ' ~ )  ]/2 (z ~ -- t) 

2b~ (t -~- iz) (t d- 2 a i z  - -  z ~) , - f ~ ' 6 - 7 i - - ~ .  } 
~ ( ~ ~ ) ~ _ l ) t ~ t ~ - ~ +  z V ~  

In the i n t eg rand ,  the poin ts  cr = ~-1 a r e  the b r a n c h  poin ts  of the func t ions  v r ~  --1Y) and ~ ) .  We 

r e p r e s e n t  the i n t e g r a l  taken ove r  the  con tou r  T in the f o r m  of a sum of t h r e e  i n t e g r a l s  

Do=--'~" (~1(s) V'2(~--~-}-(~o(~)Ids + r Y2(~2--1)do+I(Pa(s) ~ f ~  ~2-'~--l)-ds 
*f ~f -f 

The  i n t e g r a n d  func t ion  in  the f i r s t  i n t e g r a l  i s  s i n g l e - v a l u e d  within the  c i r c l e  (Fig. 2), where  the 

b r a n c h  points  ~ = • 1 a r e  excluded f r o m  the r eg ion .  A r c s  71 and 7z a r e  i n f i n i t e s i m a l l y  s m a l l .  The  f i r s t  i n -  
t e g r a l  i s  c a l cu l a t ed  by apply ing  the t h e o r e m  on r e s i d u e s .  The  r e s i d u e s  a r e  taken  at  the point  a = ~I and a = 

�9 I 

" - . . .A§  

J 
Fig. 1 

The i n t e g r a n d  func t ion  in  the  second  i n t e g r a l  is  s i n g l e - v a l u e d  
th roughout  the  i n t e r i o r  of the c u r v e  v (Fig.  3). It i s  c a l cu l a t ed  in  a m a n -  
n e r  s i m i l a r  to the f i r s t .  The  i n t e g r a n d  has  poles  at  the points  ff = ~2 and 

We now c o n s i d e r  the t h i r d  i n t e g r a l .  The  i n t e g r a n d  func t ion  wil l  be  
s i n g l e - v a l u e d  in  the r e g i o n  bounded  by the con tour  7 and cut  as  shown in  
F ig .  4. The  c i r c l e s  T1, T2, T3 a r e  i n f i n i t e s i m a l l y  s m a l l .  The  funct ion  
~3(cr) p o s s e s s e s  poles  at the  po in ts  ff = ~l; we t h e r e f o r e  have [5]: 

EI+I+I+I +i +I] 
"f a~ ~ "r "fs ~fs 

where  A 1 and A 2 a r e  the r e s i d u e s  t aken  at the  poin ts  cr = ~1 and ~ = -~1" 
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F i g .  2 F i g .  3 F i g .  4 

w h e r e  

C a r r y i n g  o u t  t h e  c a l c u l a t i o n s  o f  a l l  t h e  r e s i d u e s  a n d  i n t e g r a l s ,  w e  g e t  

,,,, 

a l2C~l  ~ 
+ { -  [(t - -  a~ + c"~][(i + a~ + : ' ~ V s a o  + i6 (~a~+ : ~ ' 1 : - - t 6 ,  ) (r + : ~ ,I,} (arc t g l ) ~ l  ) 

+ 8 (ao ~ + a~) % In I d I arc tg / -5 - -  4a~ [(t - -  c~) as -5 a~a~] 

8 a~ (060 ~ + ~*~)~/" 

]/'2 [(1 - -  ao) ~" -}- O~: s ] [(t - -  ao) ~ -5 4 (~o ~ -5 al~) V'] a~ 

~- ]/'2 [aga';-~-8~'l~alas]a~-l-c~l[asaT--Salaa]a~ a, (~o ~ -5 ~::)'I' arc tg ] a~ (t -t- a~ + u:s) - -  2 (a~ -}- a:~) 1 ( 0 6 o  ~ -5 a:~/t' 

- -  0602 -- (X12 = a 1 

% ( i  + ao ~ + a ~ )  - -  2 (%~ + ~ i  ~) - -  [ ( i  - -  ao) s + a ~ ]  (ao ~ + 06 s)'/~ = a~ 

(ao ~- @ a: ~) (2 -5 %) -5 % = as, (1--6% @ ao s - -  u~s) ~ -~ (6a 1 - -  2aoa~)s = % 

[(ao ~ + u~)  ~!~ + % ] ' / '  = %, [ (%~ + c ~ )  '/~ -- ao]'l~ = a~ 

=o ~ _ 06~s _ (06o~ + ~ ) ~  + =o ('~o s + a:~) a, = ,~, ( i  - -  ~o) s + a,~ - -  4 (c~s ~ + =~)V,  = "~o 

4 ~ ~ a ~ ' I '  ~ (i -- ~o) ~.~ (i--~Zo) ~@a~ s@ ( o @ ~) --2 --2 ]/'2~a~ 
d =  

( i  - -  ao)~ + 06~ + 4 (zo~ + a~-.)'l, + 2 ]/'~ ( I  - -  ~o) a~ + 2 ] / ~ a ~  

4 l f~  [~ , .~  - -  (~ - -  ~)  a~] 

/ = S (~o ~ + <~:~)'I~ _ (~o - -  i - -  ~ i )  ~ - -  (c~o - -  i + a~)~ 

(1.5) 

w h e r e  

S u b s t i t u t i n g  t h e  v a l u e s  o f f ' ( ~ 0 )  , o~"(~2), a n d  T i n t o  E q .  (1 .1) ,  w e  g e t  

(a:)V'M [ V '2  (al) ~!' al V 2  [bla~ - ~:,b,~a6] V 2  06~b~a, + b~aG arc tg /}  (1 .6)  

bl=ao(i+%)(i--%~)§ b~=i+06o s+2=so+al s+2a1~ao 

Note that in the case where the crack is directed radially 

Letting ~I go to zero in Eq. (1.6) and evaluating the indeterminate form, we obtain, after some trans- 

formations, a n  e q u a t i o n  f o r  t h e  i n t e n s i t y  f a c t o r  o f  t h e  s t r e s s e s  a t  t h e  a p e x  of  a r a d i a l  c r a c k  [3]:  

(2 - -  s) % s '1~ M 2s -5 (l - -  s)V" (mlo @ A) 
k = (I - -  s)~ 2he - -  [2sZA ~ @ (i - -  s) (A -/- B) ~] (1 .7)  

w h e r e  
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Fig. 5 

. 4=  1 -  s L ( i _ s ) / ~ a r c t g ( i _ s ) / ~  , ~ 2 - ~ A s  

(i - -sp  -I- i 4 
m =  2 ( i - - s )  ' Io a r c t g ( t _ s ) , / ~ ,  i i = ~ ~ [ 4 ( i _ ~ ) , / ~  s Io] 

2. The direction in which the c rack  develops f rom a notch in bri t t le  fail-  
ure  has been studied [ 1]. A change in the direct ion taken by the c rack  is under-  
stood to mean a change in the angle of inclination of the c rack  to its initial 
direction.  

We now apply the c r i t e r ion  proposed in [1] to the case  where a change in 
the direct ion of the c rack  is due to a change in the radius of curvature  of the 
crack.  

Let there  be a notch of shallow depth s 0 and orthogonal to the la tera l  surface  in a rod of round c ros s  
section (Fig. 5). Le t  5s be the increment  in the length of the c rack  at the initial instant that the c rack  be- 
ings developing away f rom the notch. We shall a s sume that the c rack  is propagating on some arc relat ive 
to which the line of the notch is the tangent. Given the smal lness  of ~s, we a re  f ree to assume that the 
c rack  propagates  on an a rc  of c i rc le  of radius r which is to be determined.  

In considering the behavior of the s t r e ss  intensity factor  at the tip of the crack,  we find the" local 
direct ion of propagation of the c rack  charac te r i zed  by the radius r .  The s t r e s s  intensity factor  k depends 
on s 0, r ,  and M. At some value of the externally applied load M, the curve k(s 0, r ,  M), which is t reated here  
as a function of r ,  comes  into contact  with the line k = k  0 as tangent. The value of M is found f rom the 
Gr i f f i t h - I rw in  c r i t e r ion  for  a rod with a notch of depth s o and is a function of r .  

The direct ion in which the c rack  develops will be determined by the value of r = r 0, which cor responds  
to the point of tangency k(s 0, r ,  M) and k =ko. The point r 0 is found f rom the equation 

Ok (so, r, M) 
Or ~ : 0  (2.1) 

Equation (2.1) is the local c r i t e r ion  of the direct ion of c rack  growth away f rom the notch. 

Note that the magnitude of the external  load shows up in Eq. (2.1) as a mult ipl ier .  The direct ion of 
c rack  growth is consequently independent of the load M. 

Upon differentiating Eq. (1.6), we calculate  the value of 

ak Ok 0~o ~k 3~i 

The variables ~0 and ~I are expressed in terms of the crack length s and crack radius r as follows: 

a o = { l - -2 r  2 § 6r z cos (s / r) -~ 6r sin (s/r) - -  4 [r ~ cos" (s/r) + sin~(s / r) • r sin(2~/r)]} '/ '  

a s =  2 sin (s / r) - -  2r  -}- 2r cos (s / r) 

t tecalling that the notch depth s o is shallow, we may assume 

sin (s o / r) -~ so / r, cos (#o / r) ----- t 

Then 
[ 4~% 1/, 2s 

a o =  ~l - -  2sO -- --~-} , ~ i =  r 

Calculations ca r r i ed  out on the nPromin~ " digital computer  showed that ak/0n = 0 only in the l imit  
a s  r ~ r 

This means that the c rack  will propagate radially.  The load pa rame te r  corresponding to the onset of 
crack propagation is found f rom Eq. (1.6). 
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